Abstract. We study the first cohomology of a (finitely generated) discrete group G with coefficients in the left regular representation of G in ℓ Φ (G) for an N -function Φ belonging to the class ∆ 2 (0) ∩ ∇ 2 (0). By analogy with Puls and Martin-Valette, we introduce the discrete Φ-Laplacian and prove a decomposition theorem for Φ-Dirichlet-finite functions. We also show that if G contains an infinite normal amenable subgroup with infinite centralizer then the cohomology space H 1 (G, ℓ Φ (G)) = 0. Finally, we prove a theorem about the triviality of the first cohomology space for a wreath product of two groups the first of which is nonamenable.
Introduction
The paper is devoted to finding sufficient conditions for the triviality of the first cohomology H 1 (G, ℓ Φ (G)) of finitely generated discrete groups for a ∆ 2 -regular N -function Φ.
Note that Φ-Laplacian was considered in [13, 14] on a bounded domain in R n . Orlicz spaces in the setting of discrete groups were studied by Kamińska and Musielak in [8] .
The structure of the paper is as follows:
In Section 1, we recall basic information on N -functions and the theory of (discrete) Orlicz spaces. In Section 2, we recall the notion of 1-cohomology H 1 (G, V ) and reduced 1-cohomology H 1 (G, V ) of a topological group G with coefficients in a Banach G-module V , recall some known assertions, and prove Theorem 2.5. Let Φ be is an N -function of class ∆ 2 (0). Suppose that N ≤ H ≤ G is a chain of groups such that H and G are finitely generated, N is an infinite normal subgroup in G, and H is nonamenable. If H 1 (H, ℓ Φ (H)) = 0 then H 1 (G, ℓ Φ (G)) = 0.
In Section 3, by analogy with the p-Laplacian and p-harmonic functions on a finitely generated group considered by Puls [16] and Martin and Valette [12] , we introduce the Φ-Laplacian and Φ-harmonic functions for an arbitrary N -function Φ on a discrete group.
Suppose that a finitely generated group G with finite set of generators S acts on a countable set X.
Introduce the space of Φ-Dirichlet-finite functions D Φ (X) = {f ∈ F (X) | λ X (g)f − f ℓ (Φ) (X) < ∞ for all g ∈ G} = {f ∈ F (X) | λ X (s)f − f ℓ (Φ) (X) < ∞ for all s ∈ S}.
Let D Φ (X) G be the space of functions constant on the G-orbits of X. Endow the space D Φ (X) = D Φ (X)/D Φ (X) G with the norm
Suppose that G is a finitely generated group, S is its generating set, and G acts on a countable set X. Let ∆ Φ : F (X) → F (X) be defined by
) for f ∈ F (X) and x ∈ X.
A function f ∈ D Φ (X) is called Φ-harmonic if (∆ Φ f )(x) = 0 for all x ∈ X. Denote the set of Φ-harmonic functions on X by HD Φ (X). The following theorem is the main assertion of Section 3: Theorem 3.6. Suppose that Φ is a continuously differentiable strictly convex N -function of class ∆ 2 (0) ∩ ∇ 2 (0). Let G be a finitely generated group acting on a countable set X. Then for f ∈ D Φ (X) there exists a decomposition f = u + h, where u ∈ (ℓ Φ (X)) D Φ (X) and h ∈ HD Φ (X). It is unique up to an element of
In Section 4, we apply the results of Section 3 to finding sufficient conditions for the triviality of the first reduced cohomology H(G, ℓ Φ (G)) of a finitely generated infinite group. We prove the following assertions that extend Theorem 4.2, 4.3, and 4.6 of [12] to ℓ Φ -cohomology:
Theorem 4.1. Let Φ be an N -function of class ∆ 2 (0) ∩ ∇ 2 (0) and let N be a normal, infinite, finitely generated subgroup of a finitely generated group G. If N in nonamenable and its centralizer Z G (N ) is infinite then
and a finitely generated group G has infinite center then
Here ≀ stands for wreath product.
Orlicz Spaces
Here we recall some notions from the theory of Orlicz spaces which we will need in the sequel. Below X is a countable set endowed with a counting measure.
where the function ϕ(t) is defined for t 0, non-decreasing, right-continuous, ϕ(t) > 0 if t > 0, ϕ(0) = 0 and lim x→∞ ϕ(t) = ∞. In what follows, Φ ′ stands for this function ϕ.
An N -function Φ has the following properties:
• Φ is even and convex;
If Φ is an N -function then the function given by 3. An N -function Φ is said to satisfy the ∆ 2 -condition for small x, which is written as Φ ∈ ∆ 2 (0), if there exist constants x 0 > 0, K > 2 such that Φ(2x) ≤ Kϕ(x) for 0 ≤ x ≤ x 0 ; and it satisfies the ∇ 2 -condition for small x, which is denoted symbolically as Φ ∈ ∇ 2 (0) if there are constants x 0 > 0 and c > 1 such
As is well known, an N -function is ∇ 2 -regular if and only if the complementary N -function is ∆ 2 -regular. 
for any b ∈ [0, 1] and u 0.
We will use the notatioñ
is called an Orlicz space on X.
Remark. As is well known (see, for example, [20] ),l Φ (X) is a linear space (and thus coincides with ℓ Φ (X)) if and only if Φ ∈ ∆ 2 (0).
Definition 1.8. The gauge (or Luxemburg) norm of a function f ∈ ℓ Φ (X) is defined by the formula
It is well known that the Orlicz and gauge norms are equivalent, namely (see, for example, [19, pp. 61-62] ):
It what follows, unless otherwise specified, we tacitly endow the Orlicz space ℓ Φ (X) with the gauge norm · (Φ) .
The following proposition is well known for Orlicz spaces on general measure spaces (cf. [19, Proposition 8, p . 79]); we formulate and prove its "countable" version for the reader's convenience.
Proof. Let f ∈ ℓ Φ (X). Applying the equality in Young's inequality to |f | and
Estimate xΦ(x) in a suitable neighborhood of zero. By definition, Φ(x) =
Further,
1-Cohomology
Let G be a topological group and let V be a topological G-module, i.e., a real or complex topological vector space endowed with a linear representation π :
The space V is called a Banach G-module if V is a Banach space and π is a representation of G by isometries of V . Introduce the notation:
Endow Z 1 (G, V ) with the topology of uniform convergence on compact subsets of G and denote by
is called the reduced 1-cohomology of G with coefficients in the G-module V . Let V be a Banach G-module. We say that V has almost invariant vectors or almost has invariant vectors if, for every compact subset F ⊂ G and every ε > 0, there exists a unit vector
Given a closed normal subgroup and a G-module V , the group G acts on H 1 (N, V | N ) as follows (see [4, 7] : On Z 1 (N, V | N ), the action is defined by the formula 
where i : V N → V is the inclusion and Rest
In [9] , we obtained analogs of Corollary 2.4 in [12] and Proposition 2 in [3] in the context of locally compact groups. Here are the discrete versions of the results of [9] :
If G is a countable group then the following are equivalent:
Let G be a countable group and let H be an infinite subgroup in G. The following are equivalent: Lemma 2.4. Let Φ be an N -function of class ∆ 2 (0) and let H be a subgroup of a countable discrete group G. Consider the properties
Proof. The scheme of the proof is borrowed from the ℓ p -case, treated in [12] . Since Φ is ∆ 2 -regular, the Orlicz space ℓ Φ (X) on a countable set consists of those sequences (x n ) for which
There is nothing to prove for [G : H] < ∞, and so we assume that
. Take a finite subset K in H and ε > 0. It is well known (see [19, p. 83, Theorem 12] for details; the proof there is carried out for global ∆ 2 -regularity but is easily modified to the "one-sided" cases) that if an N -function Φ is ∆ 2 -regular then
This means that for every ε > 0, there exists δ > 0 such that
Φ(b n (h)) < δ 0 for all h ∈ K. This means that, for the sequence 
The following theorem is known for ℓ p -cohomology (see [3, Proposition 2 and Theorem 1]): Theorem 2.5. Let Φ be an N -function of class ∆ 2 (0). Suppose that N ≤ H ≤ G is a chain of groups such that H and G are finitely generated, N is an infinite normal subgroup in G, and H is nonamenable. If
Proof. Since H is nonamenable, by Proposition 2.2 we have H 1 (H, ℓ Φ (H)) = 0. Since N is infinite, ℓ Φ (G) N = 0. Thus, by Proposition 2.1(2), the restriction map Rest
is injective. In the sequence
Corollary 2.6. Under the conditions of Theorem 2.5,
Φ-Harmonic Functions
Let G be a finitely generated group with finite generating set S, and suppose that G acts on a countable set X.
If A is an abelian group then denote by A X the abelian group of all functions f : X → A. Denote by λ X : G → A X the permutation representation of G on A X :
This turns A X into a G-module. Proposition 3.1. Suppose that a (discrete) group G acts freely on a set X. Then
Below we write F (X) instead of R X . Introduce the space of Φ-Dirichlet finite functions
Let D Φ (X) G be the space of functions constant on the G-orbits of X and let
Clearly, D Φ (X) G is the kernel of the map
Define the linear mapping α :
Theorem 3.2. Suppose that a finitely generated group G acts freely on a countable set X. Then α :
) is a topological isomorphism, which implies the following:
(1)
Proof. From the previous considerations, the map α is continuous and injective. Prove that it is surjective. By Proposition 3.1,
is continuous. The definition of α yields α(ℓ
The theorem is proved.
From now on and until the end of the section, we will assume that Φ is continuously differentiable. Definition 3.3. Suppose that G is a finitely generated group, S is its finite set of generators, and G acts on a countable set X. Define the Define the Φ-Laplacian ∆ Φ : F (X) → F (X) as follows:
Denote the set of Φ-harmonic functions on X by HD Φ (X).
Introduce a pairing ∆ Φ * , * :
This sum is finite by Proposition 1.9. Note that the Φ-Laplacian and the form ∆ Φ ·, · are well defined on the elements of D Φ (X). Preserve their notation for this space. Recall (see [15] ) that if V is a real vector space then the functional ρ : V → [0, ∞] is called a modular on V if the following hold for all x, y ∈ V :
It is easy to check that ρ
Repeating the same argument, we have
For every x ∈ X, define a function δ x : X → R by
Lemma 3.5. The following are equivalent for h ∈ D Φ (X):
This implies that ∆ Φ h(x) = 0 for all x ∈ X if and only if ∆ Φ h, δ x = 0 for all x ∈ X. The implication (3)⇒(2) is trivial. 
. Then m < ∞ by Proposition 1.9, and
Theorem 3.6. Suppose that Φ is a continuously differentiable strictly convex Nfunction belonging to ∆ 2 (0) ∩ ∇ 2 (0). Let G be a finitely generated group acting on a countable set X. Then for every f ∈ D Φ (X) there exists a decomposition
Proof. Since Φ ∈ ∆ 2 (0) ∩ ∇ 2 (0), the space ℓ Φ (X) is reflexive (see [20] ). The same holds for D Φ (X). Fix a finite generating set S in G. Let f ∈ D Φ (X); we will denote the corresponding element of 
and thus the condition f n ∈ B for all n implies that f ∈ B. Consequently, B is a bounded closed convex subset in the reflexive Banach space D Φ (X). Hence, as follows from Kakutani's Theorem (see, for example, [11, Corollary 10.6 .2]), B is compact in the weak topology. Therefore, the weakly lower semi-continuous functional
Obviously, the minimum of F is attained for t = 0, which means that
Therefore, ∆ Φ h, δ x = 0 for all x ∈ X, and, consequently, h ∈ HD Φ (X) by Lemma 3.5.
Prove the uniqueness. Suppose that f = u 1 + h 1 = u 2 + h 2 . Appealing to Lemma 3.5, we conclude that ∆ Φ h 1 , h 1 −h 2 = ∆ Φ h 1 , u 1 −u 2 = 0, and, similarly, ∆ Φ h 2 , h 1 −h 2 = 0. By Proposition 3.4, we have
Corollary 3.7. The space H 1 (G, ℓ Φ (X)) can be identified with
Proof is obtained by analyzing the proofs of Theorem 3.2 and Theorem 3.6.
The same argument that in the proof of Theorem 4.1 yields the following Corollary 4.2. If Φ ∈ ∆ 2 (0) ∩ ∇ 2 (0) and a finitely generated group G has infinite center then H 1 (G, ℓ Φ (G)) = 0.
As in [12] , we find a sufficient condition for the triviality of the first ℓ Φ -cohomology of a wreath product of finitely generated groups. 
As is well known (see Lemmas 2.2.1 and 2.2.6 in [2] , which are formulated for actions on Hilbert modules but the proofs also hold for Banach modules), if G is a topological group and V is a G-module then there is a correspondence between Z 1 (G, V ) and continuous actions of G by affine isometries on V ; moreover, the affine action corresponding to a cocycle has fixed points if and only if it is a coboundary. Therefore, relation (5) 
